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Abstract
Two-way relaying can considerably improve spectral efficiency in relay-assisted bidirectional com-
munications. However, the benefits and flexible structure of orthogonal frequency division multiplexing
(OFDM)-based two-way decode-and-forward (DF) relay systems is much less exploited. Moreover, most
of existing works have not considered quality-of-service (QoS) provisioning for two-way relaying. In
this paper, we consider the OFDM-based bidirectional transmission where a pair of users exchange
information with or without the assistance of a single DF relay. Each user can communicate with the
other via three transmission modes: direct transmission, one-way relaying, and two-way relaying. We
jointly optimize the transmission policies, including power allocation, transmission mode selection, and
subcarrier assignment for maximizing the weighted sum rates of the two users with diverse quality-of-
service (QoS) guarantees. We formulate the joint optimization problem as a mixed integer programming
problem. By using the dual method, we efficiently solve the problem in an asymptotically optimal
manner. Moreover, we derive the capacity region of two-way DF relaying in parallel channels. Simulation
results show that the proposed resource-allocation scheme can substantially improve system performance
compared with the conventional schemes. A number of interesting insights are also provided via
comprehensive simulations.
Index Terms
Two-way relaying, decode-and-forward (DF), resource allocation, orthogonal frequency division
multiplexing (OFDM).
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2I. INTRODUCTION
Orthogonal frequency division multiplexing (OFDM) is a leading physical layer transmission
technique for high spectral efficiency and date rate in broadband wireless communication systems.
OFDM also naturally provides a multiple-access method, as known as OFDMA by allocating
different subcarriers to different users in multiuser environments [2]–[5]. On the other hand, coop-
erative relay has received much interests due to its capabilities of improving system performance,
such as throughput enhancement, power saving, and communication coverage extension [6]–[8].
Combining relaying architecture with OFDM transmission is a powerful technique for broadband
wireless communication, and thus adopted in many current and next generation standards, i.e.,
3GPP Long Term Evolution Advanced (LTE-Advanced) and IEEE 802.16m.
However, the traditional one-way relaying is less spectrally efficient due to the practical half-
duplex constraint. To overcome this problem, two-way relaying has been recently proposed
[9]–[13]. Its principle is to apply network coding at the relay node to mix the signals received
from two links for subsequent forwarding, and then apply self-interference cancelation at each
destination to extract the desired signals. Naturally, it is promising and attractive to exploit
network coding gain by dynamic resource allocations for improving spectral efficiency in OFDM
bidirectional relay systems.
There are several works on resource allocation in OFDM bidirectional relay systems [14]–[19].
These works can be divided into two categories: per-subcarrier basis [14]–[16] and subcarrier
pairing basis [17]–[19]. The first category assumes that the two-hop cooperative transmission,
i.e., source-to-relay link and relay-to-destination link use the same subcarrier. Such per-subcarrier
basis significantly simplifies the optimization problems but does not fully utilize the channel
dynamics. For instance, the authors in [14] studied power and subcarrier allocation for OFDM
two-way relaying with both amplify-and-forward (AF) and decode-and-forward (DF) strategies.
By using dual decomposition method, the problem was decomposed into per-subcarrier sub-
problems that can be solved independently. A two-step suboptimal method for power allocation
for OFDM two-way AF relaying was proposed in [15], where power is first allocated in each
subcarrier for a given per-subcarrier power constraint, then the per-subcarrier power constraints
are coordinated to satisfy a total peak power constraint of the system. The authors in [16]
showed that the optimal power allocation for OFDM two-way AF relaying with a total peak
3power constraint turns out to be a two-step approach as in [15].
Different from the per-subcarrier basis, the subcarrier pairing basis allows the subcarriers in
the first and second hops to be paired and then a better performance can be provided [20]. In [17],
power was first allocated by water-filling and then subcarriers were paired by a greedy heuristic
method for OFDM two-way AF relaying. In [18], the authors investigated the subcarrier pairing
based joint optimization problem of transmission mode selection, subcarrier assignment, and
relay selection for OFDMA bidirectional relay cellular networks by an ant colony optimization
method from a graph theoretical perspective. In [19], the authors studied optimal subcarrier and
relay assignment for OFDM two-way relay systems using a bipartite graph matching algorithm.
In view of these existing works, our paper is motivated in threefold: Firstly, both per-subcarrier
basis and subcarrier pairing basis are not optimal for two-way DF relaying, where the information
from one set of subcarriers in the first hop can be decoded and re-encoded jointly and then
transmitted over a different set of subcarriers in the next hop. This is referred as subcarrier set
basis in this paper. Secondly, by use of the parallel OFDM relaying architecture, the bidirectional
communication can be completed by three transmission modes, namely direct transmission, one-
way relaying, and two-way relaying. Moreover, power allocation, subcarrier assignment, and
transmission mode selection are tightly coupled with each other. How to jointly coordinate these
transmission policies and how much power and spectral efficiencies are contributed by different
transmission modes, are crucial but more importantly, have not been considered for OFDM bidi-
rectional relay systems. Thirdly, one challenging issue to be addressed for future developments
of wireless networks is how to meet user’s diverse quality-of-service (QoS) requirements. Real-
time applications, such as voice transmission and video streaming, are highly delay-sensitive and
need reliable QoS guarantees. Therefore, it is of great importance to study dynamic resource
allocation schemes for supporting diverse QoS requirements. Nevertheless, what the impacts of
resource allocation on QoS guarantees for OFDM bidirectional relay systems, has also not been
addressed in the literature.
In this paper, we consider the above three issues in a classical OFDM two-way relaying
scenario, where a pair of users exchange information with assistance of a single DF relay using
OFDM. We enable each user to communicate with the other via three transmission modes
simultaneously but over different sets of subcarriers. It is worth mentioning that, to our best
knowledge, such a hybrid bidirectional transmission was only investigated in our previous work
4[18]. However, [18] is based on subcarrier pairing basis and does not consider power allocation
and QoS guarantees. The main differences between this paper and the related works [14]–[19]
are stated in Table I.
The main contributions and results of this paper are summarized as follows:
• We formulate a joint optimization problem of power allocation, subcarrier assignment, and
transmission mode selection for OFDM bidirectional DF relaying. The previous works often
consider partial resources of this problem. Our objective is to maximize the weighted
sum rates of the two users with diverse QoS guarantees. The joint problem is a mixed
integer programming problem and NP-hard. By using the dual method, we develop an
asymptotically optimal algorithm to find the QoS-aware transmission policies with linear
complexity of the number of subcarriers. Moreover, we derive the achievable capacity region
of two-way DF relaying in parallel relay channels.
• Simulation results reveal that for the OFDM two-way DF relaying, the proposed subcarrier
set relaying basis can achieve substantial throughput gain over the conventional subcarrier
pairing relaying basis. For the OFDM bidirectional with hybrid transmission modes, the
importance of one-way relaying is decreasing as signal-to-noise ratio (SNR) increases. On
the contrary, the importance of direct transmission and two-way relaying are increasing with
SNR, and two-way relaying dominates the system performance. We find that for a given
user with more stringent rate QoS requirement, one-way relaying devotes more throughput
and direct transmission devotes less. Moreover, for any rate QoS requirement, two-way
relaying always dominates the system throughput. We also show that direct transmission
dominates the system performance when the relay node is closer either of the two users,
and one- and two-way relaying work well when the relay node locates at the midpoint of
the two users.
The remainder of this paper is organized as follows. Section II describes the system model
and presents the rigorous problem formulation. The proposed dual-based resource-allocation
algorithm is detailed in Section III. Comprehensive simulation results are illustrated in Section
VI. Finally, we conclude this paper in Section V.
5II. OPTIMIZATION FRAMEWORK
A. System Model
We consider the relay-assisted bidirectional communication as shown in Fig. 1, which consists
of a pair of users A and B, and a single relay R. Each user can communicate with the
other directly or through the relay. Thus, each user can communicate with the other via three
transmission modes, namely, direct transmission, one- and two-way relaying. In this paper, the
two-phase two-way relaying protocol is applied, i.e., the first phase is multiple-access (MAC)
phase and the second phase is the broadcast (BC) phase [11]–[13]. Each node can transmit and
receive at the same time but on different frequencies. For both one-way relaying and two-way
relaying, the relay adopts DF strategy and the delay between the first and second hops can be
negligible compared with the duration of a transmission frame. For example, Fig. 1 shows that
A and B can use subcarrier {9} for the MAC phase but the relay can use subcarriers {7, 8}
in the BC phase. Notice that such subcarrier set basis relaying is also applicable for one-way
relaying.
B. Channel Model
The wireless channels are modeled by large-scale path loss, shadowing, and small-scale
frequency-selective Rayleigh fading. It is assumed that the transmission to both users is divided
into consecutive frames, and the fading remains unchanged within each transmission frame
but varies from one frame to another. We also assume that channel estimation is perfectly
known at all nodes. Note that in relay-assisted systems such as IEEE 802.16m, relay nodes are
usually fixed. Such that the task of centralized resource allocation can be embedded at the relay.
Without loss of generality, the additive white noises at all nodes are assumed to be independent
circular symmetric complex Gaussian random variables, each having zero mean and unit variance.
The channel coefficients from node j to node j′ on subcarrier n are denoted as hj,j′,n, where
j, j′ ∈ {A,B,R}, j 6= j′.
C. Problem Formulation
We use superscripts a, b, and c to denote direct transmission, one-way relaying, and two-way
relaying, respectively. We first introduce the following three sets of binary assignment variables
with respect to the three transmission modes:
6- ρak,n indicates whether subcarrier n is assigned to user k for direct transmission, k ∈ {A,B}.
- ρbk,n,i indicates whether subcarrier n is assigned to user k at the i-th hop of one-way relaying,
k ∈ {A,B}, i = 1, 2.
- ρcn,i indicates whether subcarrier n is assigned to the user pair at the i-th hop of two-way
relaying, i = 1, 2.
As mentioned in previous works [18], [19], [21], the bidirectional links must occur in pair for
two-way relaying. Therefore, in our case, the user index k is not involved in ρcn,i. In order to
avoid interference, these binary variables must satisfy the following constraint:
∑
k∈{A,B}
ρak,n +
∑
k∈{A,B}
2∑
i=1
ρbk,n,i +
2∑
i=1
ρcn,i ≤ 1, ∀n ∈ N , (1)
where N = {1, · · · , N} is the set of subcarriers.
Let pak,n denote the transmit power of user k over subcarrier n for direct transmission, pbk,R,n
and pck,R,n as the transmit power of user k to the relay over subcarrier n for one- and two-way
relaying, respectively, k ∈ {A,B}. Let Pk be the total power of user k, then the power allocation
policy of user k should satisfy:
N∑
n=1
(
pak,n + p
b
k,R,n + p
c
k,R,n
) ≤ Pk, k ∈ {A,B}. (2)
Denote pbR,k,n as the transmit power from relay node to user k over subcarrier n using one-way
relaying, k ∈ {A,B}. Denote pcR,n as the transmit power of the relay node over subcarrier n
for two-way relaying. The relay node is subject to the peak power constraint PR, which can be
expressed as
N∑
n=1

 ∑
k∈{A,B}
pbR,k,n + p
c
R,n

 ≤ PR. (3)
After introducing the assignment and power variables, now we briefly present the achievable
rates for the three transmission modes.
For direct transmission mode, the achievable rate of user k over subcarrier n can be easily
given by
Rak,n = C(p
a
k,n|hk,k′,n|2), k, k′ ∈ {A,B}, k 6= k′, (4)
7where C(x) = log2(1+x). Then the achievable rate of user k by using direct transmission mode
is
Rak =
N∑
n=1
ρak,nR
a
k,n, k ∈ {A,B}. (5)
For one-way relaying transmission mode, the achievable rates of the first and second hops for
user k can be respectively written as:
Rbk,n,1 = C(p
b
k,R,n|hk,R,n|2),
Rbk,n,2 = C(p
b
R,k′,n|hR,k′,n|2), (6)
with k, k′ ∈ {A,B}, k 6= k′. The end-to-end achievable rate of user k by using one-way relaying
is the minimum of the rates achieved in the two hops, which can be expressed as
Rbk = min
{
N∑
n=1
ρbk,n,1R
b
k,n,1,
N∑
n=1
ρbk,n,2R
b
k,n,2
}
, k ∈ {A,B}. (7)
For the two-way DF relaying, prior work has studied the capacity region for single-channel
case [11]–[13]. Based on these results, we derive the capacity region of OFDM two-way DF
relaying by the following proposition.
Proposition 1: The capacity region (RcA, RcB) of OFDM two-way DF relaying is given by
RcA ≤
N∑
n=1
ρcn,1R
c
A,n,1
RcB ≤
N∑
n=1
ρcn,1R
c
B,n,1
RcA +R
c
B ≤
N∑
n=1
ρcn,1R
c
AB,n,1
RcA ≤
N∑
n=1
ρcn,2R
c
A,n,2
RcB ≤
N∑
n=1
ρcn,2R
c
B,n,2
(8)
where Rck,n,1 = C(pck,R,n|hk,R,n|2), Rck,n,2 = C(pcR,n|hR,k′,n|2), k, k′ ∈ {A,B}, k 6= k′, and
RcAB,n,1 = C(p
c
A,R,n|hA,R,n|2 + pcB,R,n|hB,R,n|2).
Proof: Please see Appendix A.
8Note that the capacity of OFDM two-way DF relaying derived in (8) is different from the
single-channel or per-subcarrier cases, since (8) allows the relay to jointly decode and re-encode
the received signal from one set of subcarriers in the first hop (MAC phase), and then forward
the processed signal over a different set of subcarriers in the second hop (BC phase).
Note that we focus on the achievable rate region of two-way DF relaying and assume that
there exists an optimal coding/encoding approach to achieve the region. We further assume that
channel coding is independently done at individual subcarriers, such that the frequency diversity
can be exploited by transmission mode selection in OFDM systems.
We now can characterize the achievable rate of user k over all the possible transmission
modes:
Rk = R
a
k +R
b
k +R
c
k, k ∈ {A,B}. (9)
As shown in [22], delay-sensitive or delay-constrained transmission can be regarded as a delay-
limited capacity problem, where a constant data rate should be maintained with probability one
regardless of channel variations. Thus we consider constant data rates as the QoS requirements
in this paper. Each user has its own rate QoS requirement, which can be expressed as
Rk ≥ rk, k ∈ {A,B}, (10)
where rk is the minimum rate requirements of user k.
Our objective is not only to optimally assign subcarriers and transmission modes but also to
allocate power and rate for each user so as to maximize the weighted sum rates while maintaining
the individual rate requirements of each user. Mathematically, the joint optimization problem can
9be formulated as (P1)
P1 : max
{p,ρ,R}
∑
k∈{A,B}
wkRk (11a)
s.t. Rbk ≤
N∑
n=1
ρbk,n,1R
b
k,n,1 (11b)
Rbk ≤
N∑
n=1
ρbk,n,2R
b
k,n,2 (11c)
Rck ≤
N∑
n=1
ρcn,1R
c
k,n,1 (11d)
Rck ≤
N∑
n=1
ρcn,2R
c
k,n,2 (11e)
RcA +R
c
B ≤
N∑
n=1
ρcn,1R
c
AB,n,1 (11f)
(1), (2), (3), (10),ρ ∈ {0, 1}, (11g)
where wk is the weight that represents the priority of user k, p , {pak,n, pbk,R,n, pbR,k,n, pck,R,n, pcR,n}
is the set of power variables, ρ , {ρak,n, ρbk,n,i, ρcn,i} is the set of assignment variables, and
R , {Rak, Rbk, Rck} is the set of rate variables.
Comparing with the related works [14]–[19], there are several unique features about our
problem formulation P1. First, we jointly optimize subcarrier assignment, transmission mode
selection, and power allocation. The previous works only consider partial resources of P1.
Second, P1 represents the first attempt that optimizes OFDM two-way DF relaying based on
subcarrier set basis, according to the derived capacity region in (8). Third, P1 considers individual
rate-QoS for each user, and we impose three transmission modes simultaneously to support the
individual QoS but over different sets of subcarriers, thanks to the parallel structure of OFDM
relaying.
III. OPTIMAL TRANSMISSION POLICY
The problem in P1 is a mixed integer optimization problem. Finding the optimal solution needs
exhaustive search with exponential complexity, where each subcarrier has eight possibilities of
assignments over different users, different transmission modes, along with different hops. Total N
10
subcarriers are used and therefore total 8N possibilities of assignments are needed. Then, power
allocation is performed for each assignment (the pure power allocation problem is convex if the
assignment is fixed), and the optimal solution follows the assignment that results in maximum
throughput. In this section, we present an efficient method to find the asymptotically optimal
solution of P1 with linear complexity in the number of subcarriers.
A. Continuous Relaxation
To make P1 more tractable, we relax the binary variables ρ into real-valued ones, i.e., ρ ∈
[0, 1]. This continuous relaxation makes ρ as the time sharing factors for subcarriers. In addition,
we introduce a set of new variables s , {pak,nρak,n, pbk,R,nρbk,n,1, pbR,k,nρbk,n,2, pck,R,nρcn,1, pcR,nρcn,2}.
Clearly, s can be viewed as the actual consumed powers on subcarriers. Substituting s and
real-valued ρ into the rate variables R, the relaxed problem of P1 then can be written as
P2 : max
{s,ρ,R}
∑
k∈{A,B}
wkRk (12a)
s.t.
N∑
n=1
(
sak,n + s
b
k,R,n + s
c
k,R,n
) ≤ Pk, k ∈ {A,B} (12b)
N∑
n=1

 ∑
k∈{A,B}
sbR,k,n + s
c
R,n

 ≤ PR (12c)
(1), (10), (11b)− (11f),ρ ∈ [0, 1]. (12d)
It is easy to find that each element of R has the form of ρ log2(1 + s/ρ) that is jointly
concave in (ρ, s), where ρ and s represent the general expressions of the elements in ρ and s,
respectively. Thus, the objective function of P2 is concave since any positive linear combination
of concave functions is concave. Moreover, the constraints (12b), (12c) and (1) are affine, and
the constraints (10) and (11b)-(11f) are convex. Therefore, P2 is a convex optimization problem.
We first introduce non-negative Lagrangian multipliers λb1k , λ
b2
k , λ
c1
k , λ
c2
k , λ
c
AB with constraints
(11b)-(11f), respectively. All of them are denoted as λ  0. In addition, non-negative Lagrangian
multipliers α = {αA, αB, αR}  0 are introduced to associate with the power constraints of the
three nodes, µ = {µA, µB}  0 are associated the two users’ QoS requirements in (10). Then
the dual function of P2 can be defined as
g(λ,α,µ) , max
{s,ρ,R}∈D
L(s,ρ,R,λ,α,µ), (13)
11
where D is the set of all primal variables {s,ρ,R} that satisfy the constraints, and the Lagrangian
is
L(s,ρ,R,λ,α,µ) =
∑
k∈{A,B}
wkRk + L
b + Lc +
∑
k∈{A,B}
αk
[
Pk −
N∑
n=1
(
sak,n + s
b
k,R,n + s
c
k,R,n
)]
+αR

PR − N∑
n=1

 ∑
k∈{A,B}
sbR,k,n + s
c
R,n



+ ∑
k∈{A,B}
µk
[
(Rak +R
b
k +R
c
k)− rk
]
,(14)
in which
Lb =
∑
k∈{A,B}
[
λb1k
(
N∑
n=1
ρbk,n,1R
b
k,n,1 − Rbk
)
+ λb2k
(
N∑
n=1
ρbk,n,2R
b
k,n,2 − Rbk
)]
, (15)
Lc =
∑
k∈{A,B}
[
λc1k
(
N∑
n=1
ρcn,1R
c
k,n,1 − Rck
)
+ λc2k
(
N∑
n=1
ρcn,2R
c
k,n,2 − Rck
)]
+λcAB
(
N∑
n=1
ρcn,1R
c
AB,n,1 − RcA −RcB
)
. (16)
Computing the dual function g(λ,α,µ) requires to determine the optimal {s,ρ,R} for given
dual variables {λ,α,µ}. In the following we present the derivations in detail.
B. Optimizing {s,ρ,R} for Given {λ,α,µ}
1) Maximizing Lagrangian over R: Firstly, we look at the rate variables R. It is seen that
the optimal rates of direct transmission {Rak} are exactly the capacity expressions, and the rates
of the two hops for both one- and two-way relaying need to be coordinated (see (15) and (16)).
Therefore we define a new rate set R′ = {Rbk, Rck} and the part of dual function with respect to
R′ is given by
g0(λ,α,µ) = max
R′
∑
k∈{A,B}
[
(wk + µk − λb1k − λb2k )Rbk + (wk + µk − λc1k − λc2k − λcAB)Rck
]
. (17)
To make sure the dual function is bounded, we have wk + µk − λb1k − λb2k = 0 and wk + µk −
λc1k − λc2k − λcAB = 0. In such case, g0(λ,α,µ) ≡ 0 and we obtain that
λb2k = wk + µk − λb1k , (18)
λc2k = wk + µk − λc1k − λcAB. (19)
12
By substituting these results above into (14), the Lagrangian can be rewritten as:
L(s,ρ,λ,α,µ) =
N∑
n=1

 ∑
k∈{A,B}
(
Hak,n +H
b1
k,n +H
b2
k,n
)
+Hc1n +H
c2
n


+
∑
k∈{A,B,R}
αkPk −
∑
k∈{A,B}
µkrk, (20)
where
Hak,n = (wk + µk)ρ
a
k,nR
a
k,n − αksak,n, k ∈ {A,B}, (21)
Hb1k,n = λ
b1
k ρ
b
k,n,1R
b
k,n,1 − αksbk,R,n, k ∈ {A,B}, (22)
Hb2k,n = (wk + µk − λb1k )ρbk,n,2Rbk,n,2 − αRsbR,k′,n, k ∈ {A,B}, (23)
Hc1n =
∑
k∈{A,B}
λc1k ρ
c
n,1R
c
k,n,1 + λ
c
ABρ
c
n,1R
c
AB,n,1 −
∑
k∈{A,B}
αks
c
k,R,n, (24)
Hc2n =
∑
k∈{A,B}
(wk + µk − λc1k − λcAB)ρcn,2Rck,n,2 − αRscR,n. (25)
For brevity, we denote ξk = wk + µk − λc1k − λcAB in what follows. As aforementioned, the two
users should be both active for two-way relaying, such that the user index k is not involved in
Hc1n and Hc2n .
Notice that the dual variables µ and α can be interpreted as QoS weights and power prices,
respectively, then (21)-(25) can be regarded as the profits of different traffic sessions, which are
defined as the QoS-aware throughput of traffic sessions minus the corresponding power costs.
In what follows, we show that the profits defined in (21)-(25) play a key role to derive {s∗,ρ∗}.
2) Maximizing Lagrangian over s: Observing the Lagrangian in (20), we find that the dual
function in (13) can be decomposed into N independent functions with the identical structure:
g(λ,α,µ) =
N∑
n=1
gn(λ,α,µ) +
∑
k=A,B,R
αkPk −
∑
k∈{A,B}
µkrk, (26)
where
gn(λ,α,µ) , max
{s,ρ}∈D
Ln(s,ρ,λ,α,µ) (27)
with
Ln(s,ρ,λ,α,µ) =
∑
k∈{A,B}
(
Hak,n +H
b1
k,n +H
b2
k,n
)
+Hc1n +H
c2
n . (28)
13
Note that the profits Hak,n, H
b1
k,n, H
b2
k,n, H
c1
n , and Hc2n in (28) are defined in (21)-(25), respectively.
We now solve gn(λ,α,µ). Here we first analyze the optimal power allocations s∗ for given
subcarrier assignment and transmission mode selection ρ.
By applying Karush-Kuhn-Tucker (KKT) conditions [23], the optimal power allocations for
direct transmission are given by
sa,∗k,n = ρ
a
k,n · pa,∗k,n = ρak,n ·
(
wk + µk
σαk
− 1|hk,k′,n|2
)+
, (29)
with k, k′ ∈ {A,B}, k 6= k′, σ , ln 2 and (x)+ , max{x, 0}. (29) shows that the optimal power
allocations for direct transmission are achieved by multi-level water-filling. In particular, the
water level of each user depends explicitly on its QoS requirement and weight, and can differ
from one another.
By applying the KKT conditions, we obtain the optimal power allocations for the first hop of
one-way relaying:
sb,∗k,R,n = ρ
b
k,n,1 · pb,∗k,R,n = ρbk,n,1 ·
(
λb1k
σαk
− 1|hk,R,n|2
)+
, k ∈ {A,B}. (30)
Similarly, the optimal power allocations for the second hop of one-way relaying are given by
sb,∗R,k,n = ρ
b
k,n,2 · pb,∗R,k,n = ρbk,n,2 ·
(
wk + µk − λb1k
σαR
− 1|hR,k′,n|2
)+
(31)
with k, k′ ∈ {A,B}, k 6= k′. (30) and (31) show that the optimal power allocations for DF
one-way relaying are also achieved by multi-level water-filling.
For the first hop (or MAC phase) of two-way relaying, the optimal power allocation sc,∗k,R,n =
ρcn,1 · pc,∗k,R,n, where pc,∗k,R,n are the non-negative real root of the following equations:

λ
c1
A
|hA,R,n|
2
1+pc
A,R,n
|hA,R,n|2
+
λcAB |hA,R,n|
2
1+pc
A,R,n
|hA,R,n|2+p
c
B,R,n
|hB,R,n|2
= σαA
λ
c1
B
|hB,R,n|
2
1+pc
B,R,n
|hB,R,n|2
+
λcAB |hB,R,n|
2
1+pc
A,R,n
|hA,R,n|2+pcB,R,n|hB,R,n|
2 = σαB.
(32)
It is readily found that (25) is concave in scR,n. Taking the partial derivative of (25) with
respect to scR,n and letting it be zero, the optimal power allocation for the second hop (or BC
phase) of two-way relaying is sc,∗R,n = ρcn,2 · pc,∗R,n, where
pc,∗R,n =


0, if αR ≥ ξB |hR,A,n|
2+ξA|hR,B,n|
2
σ
−φ2+
√
φ2
2
−4φ1φ3
2φ1
, otherwise,
(33)
with φ1 = αR|hR,B,n|2|hR,A,n|2, φ2 = αR(|hR,B,n|2 + |hR,A,n|2)− (ξA + ξB)|hR,B,n|2|hR,A,n|2/σ,
and φ3 = αR − (ξB|hR,A,n|2 + ξA|hR,B,n|2)/σ.
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3) Maximizing Lagrangian over ρ: Substituting the optimal power allocations s∗(λ,α,µ)
into (13) to eliminate the power variables, the profits (21)-(25) in the sub-Lagrangian (28) can
be rewritten as respectively
Hak,n = ρ
a
k,n
[
(wk + µk)R
a,∗
k,n − αkpa,∗k,n
]
, k ∈ {A,B}, (34)
Hb1k,n = ρ
b
k,n,1
[
λb1k R
b,∗
k,n,1 − αkpb,∗k,R,n
]
, k ∈ {A,B}, (35)
Hb2k,n = ρ
b
k,n,2
[
(wk + µk − λb1k )Rb,∗k,n,2 − αRpb,∗R,k′,n
]
, k ∈ {A,B}, (36)
Hc1n = ρ
c
n,1

 ∑
k∈{A,B}
λc1k R
c,∗
k,n,1 + λ
c
ABR
c,∗
AB,n,1 −
∑
k∈{A,B}
αkp
c,∗
k,R,n

 , (37)
Hc2n = ρ
c
n,2

 ∑
k∈{A,B}
(wk + µk − λc1k − λc,∗AB)Rc,∗k,n,2 − αRpc,∗R,n

 . (38)
Note that in (34)-(38), p∗ are obtained from (29)-(33) derived above, and then the optimal rates
can also be computed correspondingly. Thus the profits (34)-(38) are only related to the primal
variables ρ for given dual variables {λ,α,µ}. Then the dual function over each subcarrier n in
(27) can be rewritten as
gn(λ,α,µ) =


maxρ Ln(s∗,ρ,λ,α,µ)
s.t. (1),ρ ∈ [0, 1].
(39)
The sub-Lagrangian Ln(s∗,ρ,λ,α,µ) is defined in (28) with the profits (34)-(38), and also only
related to the relaxed variables ρ for given dual variables. Now we are ready to find the optimal
ρ∗ based on the following proposition.
Proposition 2: There always exists an optimal binary solution for ρ∗ for the dual function
(13).
Proof: For each subcarrier n, Ln(s∗,ρ,λ,α,µ) has a bounded objective and (39) is a linear
programming over ρn ∈ [0, 1], where ρn , {ρaA,n, ρaB,n, ρbA,n,1, ρbB,n,1, ρbA,n,2, ρbB,n,2, ρcn,1, ρcn,2}. A
globally optimal solution can be found at the vertices of the feasible region [24]. Therefore at
least one optimal ρ∗n is binary.
According to Proposition 2 that at least one optimal ρ∗n is binary, we resort to simple exhaustive
search over all vertices for each subcarrier n, and follow the one that has the maximum value
of Ln(s∗,ρ,λ,α,µ) in (28). Therefore the binary solution of ρ∗ can be recovered. In other
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words, the optimal binary solution of ρ∗ can be obtained as follows: Since Ln(s∗,ρ,λ,α,µ)
has eight profits defined in (34)-(38), each of them corresponds to one element of ρn (ρn has
eight elements). Then, for each subcarrier n, by exhaustive search over all eight profits, let one
out of the eight elements of ρn be 1 if its corresponding profit in Ln(s∗,ρ,λ,α,µ) is maximum1
and others be 0.
It is also worth noting that the rates in the profits (34)-(38) are the functions of channel state
information (CSI) that are independent random variables. Thus the profits (34)-(38) are also
independent random variables. As a result, it is probability 0 that more than one profit have the
same maximum value of Ln(s∗,ρ,λ,α,µ).
C. Optimizing Dual Variables {λ,α,µ}
After computing g(λ,α,µ), we now solve the standard dual optimization problem which is
min
λ,α,µ
g(λ,α,µ) (40)
s.t. −λ,−α,−µ 4 0, (41)
−wk − µk + λb1k ≤ 0, k ∈ {A,B} (42)
−wk − µk + λc1k + λcAB ≤ 0, k ∈ {A,B}. (43)
Since a dual function is always convex by definition, the commonly used gradient based
algorithms or ellipsoid method can be employed to update {λ,α,µ} toward optimal {λ∗,α∗,µ∗}
with global convergence [23]. In this paper we use ellipsoid method to update {λ,α,µ} simul-
taneously based on the following proposition.
1Arbitrary tie-breaking can be performed if necessary.
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Proposition 3: For the dual problem (40), the subgradient vector is
∆ =


∆λb1A =
∑N
n=1(R
b
A,n,1 −RbA,n,2)
∆λb1B =
∑N
n=1(R
b
B,n,1 − RbB,n,2)
∆λc1A =
∑N
n=1(R
c
A,n,1 − RcA,n,2)
∆λc1B =
∑N
n=1(R
c
B,n,1 −RcB,n,2)
∆λcAB =
∑N
n=1(R
c
AB,n,1 −RcA,n,2 − RcB,n,2)
∆µA = R
a
A +
∑N
n=1
(
RbA,n,2 +R
c
A,n,2
)− rA
∆µB = R
a
B +
∑N
n=1
(
RbB,n,2 +R
c
B,n,2
)− rB
∆αA = PA −
∑N
n=1
(
saA,n + s
b
A,R,n + s
c
A,R,n
)
∆αB = PB −
∑N
n=1
(
saB,n + s
b
B,R,n + s
c
B,R,n
)
∆αR = PR −
∑N
n=1
(∑
k∈{A,B} s
b
R,k,n + s
c
R,n
)


(44)
D. Discussions on Optimality and Complexity
It is worth noting that, given any {λ,α,µ}, there may exist non-integer optimal solutions
for maximizing Ln(ρ,λ,α,µ) in (28). In this case, more than one profit have the maximum
value among the eight profits in Ln(ρ,λ,α,µ). As stated in Proposition 2, we choose only one
of the optimal solutions in binary form to satisfy the primal exclusive subcarrier assignment
constraints.
We also note that, for the subcarriers whose Ln(ρ,λ,α,µ) has multiple maximum profits,
the binary subcarrier assignments may not be feasible for the primal power constraint(s). The
key point is that the Lagrangian may not be differentiable at some given {λ,α,µ} (but the
subgradients exist). Thus, the small variation of the dual variables {λ,α,µ} may change the
binary assignment variables ρ, and then result in a quantum leap on the sum power(s). In this case,
though the dual variables {λ,α,µ} converge to an optimum, the allocated powers may exceed
the primal power constraint(s). In other words, the “duality gap” exists. However, as shown in
[25], [26], the duality gap becomes zero under the so-called “time-sharing” condition, and the
time-sharing condition is always satisfied as the number of subcarriers increases in multicarrier
systems. Then the global optimum can be obtained accurately in dual domain. Briefly, as the
argument in [25] and [26], if two sets of rates using two different transmission policies are
achievable individually, then their linear combination is also achievable by a frequency-division
multiplex of the two transmission policies. This is possible when the number of subcarriers goes
17
to large, the channel gains of adjacent subcarriers become more and more similar to each other.
As a result, the same performance as that of time-sharing can be achieved by frequency-sharing
without implementing the actual time-sharing.
Finally, we summarize the proposed dual-based solution in Algorithm 1. Note that the dual
problem in (40)-(43) is a standard inequality constrained problem. For such a problem, the
ellipsoid update depends on whether the inequality constraints (40)-(43) are met. That is, if the
dual variables are feasible (i.e., the inequality constraints are met), the subgradients are chosen as
the unconstrained case (i.e., ∆), and otherwise the subgradients are chosen as the subgradients of
the constraints. The detailed update rule can be found in [27]. In Algorithm 1, for given transmit
powers, the system is said to be in an outage if any QoS rate requirement can not be satisfied.
In this case, we set the rates as zero. The computational complexity of the ellipsoid method
is O(q2), where q is the number of the dual variables and q = 10 in our case. Combining the
complexity of decomposition in (26), the total complexity of the proposed algorithm is O(q2N),
which is linear in the number of subcarriers.
Remark 1: Note that we consider the classical three-node bidirectional transmission model
only for obtaining more insights and ease of presentation. The proposed optimization framework
and algorithm can be extended to general multi-pair multi-relay scenario. Briefly, if there are K
user pairs and M relays, by solving the dual problem of the original problem (the details are
omitted here), the optimal power allocations have the same structures as (29)-(33). Then, for
each subcarrier n we obtain: for direct transmission, 2K profits all having the same structure as
(21) and each for one user; similarly, for the first (or second) hop of one-way relaying, 2KM
profits all having the same structure as (22) (or (23)) and each for one user-relay pair; for the
first (or second) hop of two-way relaying, KM profits all having the same structure as (24)
(or (25)) and each for one relay and one user pair. According to the idea in Proposition 2, we
assign each subcarrier n to the traffic that has the maximum profit among the total 2K +6KM
profits. Finally, the gradient or ellipsoid method can be used to find the optimal dual variables
with polynomial complexity.
IV. SIMULATION RESULTS
In this section, we conduct comprehensive simulation to evaluate the performance of the
proposed scheme. The performance of two benchmarks, namely BM1 and BM2, are presented.
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Algorithm 1 Proposed dual-based method for P1
1: initialize {λ,α,µ}.
2: repeat
3: Compute the profits {Hak,n, Hb1k,n, Hb2k,n, Hc1n , Hc2n } using the optimal power allocations
s∗(λ,α,µ) derived in (29)-(33) for all k and n.
4: Compare the profits for each subcarrier n, and let the maximum profit be active and others
inactive. Then the optimal ρ∗(λ,α,µ) can be obtained.
5: Update {λ,α,µ} using the ellipsoid method as the following steps 6-10:
6: if the constraints (41)-(43) are all satisfied then
7: Update the ellipsoid with ∆ defined in (44).
8: else
9: Update the ellipsoid with the gradient of the constraints (41)-(43).
10: end if
11: until {λ,α,µ} converge.
12: if RA ≥ rA and RB ≥ rB then
13: QoS requirements are satisfied and output RA and RB .
14: else
15: Declare an outage and output RA = RB = 0.
16: end if
In BM1, the two users transmit directly without the assistance of the relay. Compared with the
proposed scheme, BM2 has no two-way relaying transmission. Note that these two benchmarks
are the special cases of the proposed scheme and can be solved by the proposed algorithm with
complexity O(q21N) and O(q22N), where q1 = 4 and q2 = 7 for BM1 and BM2, respectively.
Note again that the complexity of the proposed algorithm is O(q2N) with q = 10, which is
slightly higher than BM1 and BM2 but has the same order of complexity. For brevity, we use
DT, OW, and TW to denote direct transmission, one- and two-way relaying in the simulation
figures.
We set the distance between users A and B as 2km, and the relay R is located in a line
between the two users. The Stanford University Interim (SUI)-6 channel model [28] is employed
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to generate OFDM channels and the path-loss exponent is fixed as 3.5. The number of subcarriers
is set as N = 256. Without loss of generality, we let the three nodes have the same peak power
constraints (i.e., PA = PB = PR) in dB. In all simulations, the stopping condition of the ellipsoid
method (the details can be found in [23], [27]) is set to be 10−4, which is accurate enough to
the global optimum.
A. Symmetric QoS Requirements and Relay Location
In this subsection, we let the relay locate at the midpoint of the two users and wA = wB = 1,
the two users have the same rate requirements.
To clearly show the benefits of the proposed subcarrier set relaying, we plot the performance
comparison between the capacity region derived (8) and conventional subcarrier pairing relaying
in Fig. 2. For an illustration purpose, we assume equal power allocation, N = 8 subcarriers,
wA = wB = 1, and rA = rB = 0. For both two relaying methods, we adopt exhaustive search to
find the optimal solutions. From the figure, we observe that the proposed two-way DF capacity
region derived in (8) remarkably outperforms the conventional subcarrier pairing relaying, e.g.,
about 35% throughput gain can be achieved when SNR=20dB.
We compare the system throughput performance of the proposed scheme and the two bench-
marks in Fig. 3, where rA = rB = 5bits/OFDM symbol. It is observed that the proposed
algorithm significantly outperforms the benchmarks, which clearly demonstrate the superiority
of the proposed algorithm. For example, when signal-to-noise ratio (SNR) is 20dB, the proposed
scheme can achieve about 60% and 10% throughput improvements compared with BM1 and
BM2. Moreover, the throughput improvements are increasing with SNR.
We then plot the outage performance of the three schemes in Fig. 4, where the QoS rate
requirements rA = rB = 50bits/OFDM symbol and rA = rB = 100bits/OFDM symbol are
considered. The system is said to be in an outage if any QoS rate requirement of the two users
can not be satisfied. Compared with the two benchmarks, we observe that the proposed scheme
can more efficiently support the QoS rate requirements.
Fig. 5 illustrates the number of occupied subcarriers by different transmission modes, where
rA = rB = 5bits/OFDM symbol. One can observe that in low SNR regime (e.g., 10dB), the
three schemes do not occupy all subcarriers. This is because in low SNR regime, no power is
allocated to those subcarriers with poor channel conditions. When SNR is high (e.g., 30dB),
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we observe that BM2 (DT together with OW) and the proposed scheme occupy almost all
subcarriers. However, some subcarriers are still discarded in BM1 even when SNR is 30dB.
These observations show the benefits of cooperative transmission. Finally, we find that the utilized
subcarriers for direct transmission are increasing with SNR in three schemes, and the utilized
subcarriers for two-way relaying are increasing with SNR in our proposed scheme. Nevertheless,
in both BM2 and proposed schemes, the utilized subcarriers for one-way relaying are increasing
when SNR is less than 20dB, and decreasing when SNR is larger than about 20dB.
Fig. 6 shows the throughput percentages by different transmission modes for BM2 and the
proposed scheme, where rA = rB = 5bits/OFDM symbol. One observes that the throughput
percentages of direct transmission and two-way relaying are increasing with SNR, but the
importance of one-way relaying is decreasing as SNR increases. Moreover, in our proposed
scheme, two-way relaying dominates the throughput performance. This suggests the significance
of two-way relaying in the system.
B. Asymmetric QoS Requirements and Relay Location
In this subsection, we evaluate the performance of the proposed scheme when the two users’
rate QoS requirements are asymmetric. The effects of relay location is also investigated. In this
subsection we fix the transmit peak powers PA = PB = PR = 20dB.
Here we first let the relay node locate at the midpoint of user A and user B. Fig. 7(a) and
Fig. 7(b) show the throughput by different transmission modes of user A and user B versus
different QoS requirements respectively, where rA+ rB = 100 bits/OFDM symbol. Fig. 7 shows
that two-way relaying contributes the highest throughput for both two users whatever the QoS
requirements rA and rB vary. This is because two-way relaying must occur in pair, i.e., when
two-way relaying generates throughput for user A, it also generates throughput for user B. We
also find that when a user’s rate requirement becomes more stringent, the effect of one-way
relaying becomes more important for this user, and the effect of direct transmission becomes
small.
We further consider the impacts of relay location in Fig. 8, where the relay node moves from
user A to user B in a line. In this figure, the two users’ rate requirements are fixed as rA = rB =
5bits/OFDM symbol. It observes that direct transmission dominates the system performance when
the relay node is close to either of the two users. This is because the fading channels between
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the relay and the distant user becomes the major limit of cooperative transmission (including
one- and two-way relaying), which makes the cooperative transmission hardly happen. Moreover,
both one- and two-way relaying perform their best when the relay node is at the midpoint of
the two users.
V. CONCLUSION
In this paper, we studied the joint optimization problem of power allocation, subcarrier
assignment, and transmission mode selection with QoS guarantees in OFDM-based bidirec-
tional transmission systems. By using the dual method, we efficiently solved the mix integer
programming problem in an asymptotically optimal manner. We also derived the capacity region
of two-way DF relaying in OFDM channels. Simulation results showed that our proposed scheme
can outperform the traditional schemes by a significant margin.
A few interesting conclusions have been obtained through simulations. First, the significance
of one-way relaying is decreasing with SNR. Second, the throughput percentages of direct
transmission and two-way relaying are increasing with SNR, and two-way relaying dominates
the system performance. Third, for a given user, one-way relaying contributes more throughput
with the increasing rate requirements, and direct transmission performs oppositely. Finally, direct
transmission dominates the system performance when the relay is closer either of the two users,
and one- and two-way relay work well when the relay locates in the midpoint of the two users.
APPENDIX A
PROOF OF PROPOSITION 1
The proposition can be proved by the similar way as [29], where the achievable capacity for
traditional one-way relaying in parallel relay channels was derived. Specifically, we first denote
N1 = {n|ρcn,1 = 1} and N2 = {n|ρcn,2 = 1}. In the first hop, the received signals at the relay R
is given by
YR,n =
√
pcA,R,nhA,R,nXA,n +
√
pcB,R,nhB,R,nXB,n + ZR,n, n ∈ N1. (45)
In the second hop, the received signals at users A and B are
YA,n =
√
pcR,nhR,A,nXR,n + ZA,n, n ∈ N2, (46)
YB,n =
√
pcR,nhR,B,nXR,n + ZB,n, n ∈ N2, (47)
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respectively.
Denote Xk = {Xk,n|n ∈ N1}, k ∈ {A,B} , YR = {Yk,n|n ∈ N1} , XR = {Yk,n|n ∈ N2} and
Yk = {Yk,n|n ∈ N2}, k ∈ {A,B}. The achievable capacity region of this channel is the convex
hull of all (RcA, RcB) satisfying
RcA 6 min{I (XA; YR|XB) , I (XR; YB)}, (48)
RcB 6 min{I (XB; YR|XA) , I (XR; YA)}, (49)
RcA +R
c
B 6 I (XA, XB; YR) . (50)
Let the input signals XA,n, XB,n, and XR,n for each subcarrier be independent Gaussian
distributed, we obtain the achievable capacity region (8). This completes the proof.
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TABLE I
RELATED WORKS COMPARED WITH THIS PAPER
basis power allocation mode selection subcarrier assignment QoS
Our paper subcarrier-set
√ √ √ √
[14] per-subcarrier √ × √ ×
[15] per-subcarrier √ × × ×
[16] per-subcarrier √ × × ×
[17] subcarrier-pairing √ × × ×
[18] subcarrier-pairing × √ √ ×
[19] subcarrier-pairing × × √ ×
3
9
88
77
56
2
1
9
two-way relaying
one-way relaying
direct transmission
4
Fig. 1. Relay-assisted bidirectional transmission model, where the numbers denote the subcarrier indexes.
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Fig. 2. Sum-rate comparison of the proposed subcarrier set relaying and the conventional subcarrier pairing relaying with
N = 8 subcarriers and equal power allocation, where wA = wB = 1.
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Fig. 3. Sum-rate performance of different schemes with wA = wB = 1 and rA = rB = 5bits/OFDM symbol.
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Fig. 4. Outage performance of different schemes with rA = rB = 50bits/OFDM symbol and rA = rB = 100bits/OFDM
symbol, where wA = wB = 1.
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Fig. 5. Number of occupied subcarriers of difference transmission modes for different schemes with wA = wB = 1 and
rA = rB = 5bits/OFDM symbol.
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Fig. 6. Throughput percentages by different transmission modes with wA = wB = 1 and rA = rB = 5bits/OFDM symbol.
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(b) RB
Fig. 7. RA and RB versus different QoS ratio rArA+rB , where rA + rB = 100 bits/OFDM symbol and the transmit power is
fixed as 20dB.
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Fig. 8. Throughput percentages of different transmission modes, where the transmit power is fixed as 20dB and rA = rB =
5bits/OFDM symbol.
